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Curvature of a dielectric waveguide always leads to attenuation of the mode power as it propagates 
through the curved region. In single mode guides, bending loss becomes significant as the radius 
of curvature reduces and is strongly dependent on the confinement of the guided mode, so that 
weakly guiding waveguides can tolerate only large radii of curvature. In this paper we verify our new 
theoretical version on power loss prediction of S-bend optical waveguides by using analytical theory 
based on integration of absorption coefficient and compare it to the experimental measurement of 
such waveguide bends. The objectives are to formulate the best analytical theory available that can 
predict the power loss in S-bends whose shape is defined as a function y = f(x), where its first derivative 
is continuous. Using this technique, the effect of post-process thermal annealing of channel guide 
devices fabricated by electron beam irradiation of silica PECVD materials is investigated. A particular 
performance characteristic is examined, which have its origin in the index reduction caused by 
annealing, increases in waveguide bend losses. Furthermore, to determine the waveguide shape, we 
used Marcatili’s effective index method, employing model-dependent parameters obtained from the 
experimental data.

Optical waveguide bends are important devices in optical integrated circuits because it determines the overall 
performance of optical circuits built in single substrate. However, curved waveguides are known to increase 
losses as optical power propagates in the bend sections that lower the performance of overall optical waveguide 
system. Therefore, it is necessary to understand loss mechanism inside bend waveguides such as distortion of 
the transverse field profile, radiation loss, orthogonal polarization modes coupling and variation of the phase 
constant1–3.

There are two important loss mechanisms4:

	1.	� Loss due to radiation arising from the overall curvature of the waveguide (pure bending loss).
	2.	� Loss due to transition at the junctions between bend region and straight input and output waveguides.

The magnitudes of pure bending losses have been analyzed with a variety of methods and a number of analytical 
formulae have been derived5–9. Pure bending loss may be explained as follows. As the fundamental mode enters 
the curved section, the fraction of the evanescent mode furthest from the center of curvature cannot travel 
sufficiently fast to keep in phase with the rest of the mode and therefore radiates away. As a result, the evanescent 
field must be continually resupplied with power obtained from the mode as it travels along the bending section, 
so that the overall amplitude of the mode must decrease with distance10,11. Decreasing the radius of curvature 
or increasing modal field confinement can reduce radiation loss. However, it will enlarge the overall device 
length and increase coupling loss when fibers optics are connected to the input and output of the optical circuits. 
Therefore, several different design alternatives on bends waveguides have been proposed to lessen the radiation 
loss which include, the use of an offset waveguide junction6, an S-shaped curved waveguides5–9 and an optimized 
continuous path10. Precision on these structures design requires accurate understanding of the mode changes as 
it enters the curved section. Transition loss arises mainly from the abrupt change in curvature experienced by 
the guided mode at the junction between a curved waveguide and a straight guide. This change introduces an 
offset between the modes of the straight and bends guides, which results in misalignment of the modal fields, 
and hence gives rise to further radiation loss. An established strategy to lower the transition loss is to shift the 
core of a straight guide relative to the waveguide bend axis at the end of the bend by a distance equal to the mode 
shift due to the curvature12. An alternative approach is to lessen the transition loss by employing a continuous 
variation of curvature from the straight waveguide to the desired value in the curved section. This approach 
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ensures that the fundamental mode propagates adiabatically along the transition region, so that at any particular 
value of curvature only pure bending loss can occur.

We concentrate on sinusoidal profile function y = f(x), where its first derivative is continuous. Details analysis 
on analytical solution for such curved shape waveguide has been explained elsewhere9. In this paper we verify the 
previous analytical solution to the experimental results performed on S-bend channel guide devices fabricated 
by electron beam irradiation of silica PECVD material. The particular loss characteristics is examined which 
have their origin in the effective refractive index reduction caused by annealing. Additionally, by using this 
technique, the increase in waveguide bend losses caused by post process annealing can also be examined.

Waveguide bend geometries
In this section we consider continuously varying sinusoidal S-shaped curved waveguides. Figure  1 shows a 
schematic diagram of S-shaped curved waveguides length L connecting two parallel guides that are separated by 
a distance l, and a waveguide width of h.

The horizontal position y(x) of the waveguide along the bends at a distance x is described by5–9:

	
y(x) = xl

L
− l

2 π
sin(2 πx

L
)� (1)

This transition function has been found effective in low loss bend waveguides since it eliminates discontinuity 
in the first and the second derivatives of the function. To find the radius of curvature of such a function, two 
different expressions are often used. The first expression is the mathematically exact radius of curvature, which 
is defined as5:

	
r(x) = (1 + y′(x)2)

3
2

y′′ (x)
� (2)

Due to the presence of the radical, Eq.  (2) is unfortunately too complicated for general use. As a result, an 
alternative ‘low slope approximation’ is often used instead; this can be obtained by assuming that  1 + y′ (x)2 ≈ 1 
in Eq. (2), so that:

	
r (x) ≈ 1

y′′ (x) � (3)

For the sinusoidal shape function of Eq. (1), the low-slope approximation is valid when L >  > l (usually apply to 
a weakly-confining waveguide), the ‘low-slope approximation’5 curvature 1

r  is described by:

	
1
r

≈ 2πl

L2 sin(2π x

L
)� (4)

Equation  (4) implies that the curvature of a sinusoidal curved waveguide is variable, with zero curvature at 
the input and output and a maximum curvature (and hence a minimum bend radius) at x = L/4 and x = 3L/4. 
To calculate the loss along S-bend we firstly consider on using the attenuation coefficient α in a single-mode 
waveguides with constant radius of curvature as1,11:

	 α = C1 exp (−C2r)� (5)

Here C1 and C2 are two waveguides constants which depend on the waveguide and on the optical mode shape. 
The C1 coefficient is related to the difference between the propagation constant within the guide and the cladding 
refractive index n2. Additionally, the C1 coefficient is strongly model dependent, and so it can be used to calculate 
the guide shape and other parameters. The variation of α with r was also shown to be dominated by the value of 
C2. The C2 value also provides a method for characterizing mode confinement, which is useful when investigating 
techniques for reducing bend losses. C2 is defined as11:

Fig. 1.  S-shaped waveguide bend with a transition length L, a lateral offset l and a waveguide width of h.
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C2 = 2π

λ

(2∆neff )
3
2

√
n2

� (6)

Here Δneff = neff—n2, where n2 is the refractive index of the cladding. These results show that C2 increases as the 
confinement becomes higher and also that C2 values generally decrease slowly at long wavelengths. Then the 
total loss in dB is given by:

	

Loss = 10
loge (10)

S∫

0

α(s) ds� (7)

where S represents the local position along the bend, α(s) is the attenuation coefficient at that point, and S is the 
bend waveguide total length. If Eq. (5) is substituted into Eq. (7) the total loss along the length of L is given by:

	

Loss =
{

10
loge (10)

} L∫

0

C1 exp(−C2 r(x)) dx� (8)

Equation (8) can be used to calculate the total loss in sinusoidal S-bend profile where r(x) is given by Eq. (2) or 
(3). We now consider the development of analytical approximation to the line integral obtained in the low slope 
case. To do so, we proceed as follows. We start by assuming that Eq. (8) is valid and that the radius of curvature 
is given approximately by Eq. (4), the result is:

	

Loss =
{

10
loge (10)

}
C1

L∫

0

exp

{
−(C2L2

2πh
) 1∣∣sin( 2πx

L
)
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}

dx� (9)

To simplify Eq. (9), we now introduce some new dimensionless parameters. Defining the new parameters as 
γ = C2L2

2πh  and θ = 2πx
L , Eq. (9) can then be transformed to9:

	

Loss =
{

10
loge (10)

}
C1L

2π

2π∫

0

exp
{

−γ

|sin(θ)|

}
dθ� (10)

The task is now to evaluate the integral of Eq. (10). Unfortunately, no general analytical solution is known to 
exist to this equation either. However, two alternative methods may be used; the first is approximate analytical 
integration, while the second is parametric curve-fitting. For the approximate analytical integration, the result 
is9:

	
Loss =

{
10

loge (10)

}
C1L

2π
2
√

2π

γ
exp(−γ) erf
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γ

2
π

2

)
� (11)

In this case the method of steepest decent has been used, and demonstrates that the total loss of a sinusoidal 
S-bend is dominated by the value of γ. This is because the approximations used are only valid for large γ, hence 
we expect Eq. (11) will be inaccurate when L is small, i.e. for short transition lengths. In 1982, Minford et al. 
published an entirely different analytical solution in the literature for loss in S-shape sinusoidal bend as8:

	
Loss = 10

loge (10) 2
√

2 π
l

L

C1

C2
e−γ [1 − e

−γ
2 ]� (12)

Equation (12) shows a passing resemblance to Eq. (11), especially in the exponential dependence of loss on the 
parameter γ. However, we have unable to validate the details of its mathematical derivation. Therefore, we have 
used ‘brute force’ method to get a closed form solution of Eq. (9), by using a parametric curve-fitting procedure 
to the result of direct numerical integration on low slope approximation. When this is done, the following 
expression on analytical solution was found to give the best agreement over the widest range of γ9:

	
Loss =

{
10

loge 10

}
C1L

2π
exp(−γ) {3.5168 − 2.0843 log(γ)}� (13)

We call this equation as the logarithmic curve-fitting function.

Verification with experiment measurements
In this section an attempt is made to fit these theoretical predictions with results obtained from experiments. 
For completeness, we consider fitting with four theoretical approximations of losses, namely, the low slope 
approximation using direct numerical integration (Eq. 9), the error function solution (Eq. 11), the exponential 
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analytic solution suggested by Minford et.al (Eq.  12), and the logarithmic curve-fit function(Eq.  13). In all 
cases, the devices were formed by electron beam irradiation of silica PECVD materials following the procedure 
described in13–15. These comprised of 32 μm layers of PECVD SiO2, which were annealed prior to irradiation 
to convert the sign of index change due to irradiation effects15. Figure 2 shows a set of typical devices, which 
comprised straight waveguides, back-to-back S-bends, and Mach–Zehnder interferometers.

This picture was taken directly from the mask plate used to pattern the waveguide structures. Each S-bend 
has a constant lateral offset l and a different transition length L. The Mach–Zehnder interferometers were also 
constructed using similar sinusoidal bend shapes, which were simply reflected and overlaid one upon another to 
yield the desired interferometer structure.

In the experiments, all the waveguide bends were made with an offset of l = 150 μm and a transition length 
L varying between 1 and 6 mm. The overall chip length was 3.4 cm. The guide width of h = 7 μm was chosen 
close to single-mode optical fiber parameters as to get low loss coupling. The energy used for the irradiation 
was 25 keV, and the charge dose was 0.74 C/cm2. The fiber-device-fiber insertion losses were measured with 
manually optimized butt-coupling between the fiber and the devices. The waveguides surface was covered by a 
layer of oil with a refractive index of 1.43.

Figure 3 shows measurements of TE and TM loss in waveguide bends made on PECVD material that had 
been subjected to two different treatments. The first sets of data were measured using material which had simply 
been irradiated. The second sets of measurements were made using a similar material, which was annealed in 
oxygen at 800 °C for 30 s after irradiation.

In each case, losses are relatively low at large transition lengths; rising abruptly as the transition length (and 
thus the minimum radius) is reduced. The transition length that may be tolerated is clearly lower after annealing. 
Figure 4a,b show a comparison of both sets of experimental data with a best fit to the low slope approximation 
of Eq. (9).

For L > 4 mm, the loss is essentially similar to the loss of a straight waveguide; however, as the transition 
length becomes smaller, the loss increases sharply. Furthermore, at some point where the radius of curvature 
becomes very small the loss tends to decrease. This is because the distance traveled round the bend is now very 
short, balancing the effect of an increasingly large value of α. The critical radius where the loss is maximum can 
be found by differentiating Eq. (5), as r = 1/C2. In both cases, TE and TM loss differences appear which a result 

Fig. 2.  Photograph of the mask used to generate the waveguide structures used in the experiments.
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of stress-induced birefringence is most likely. Furthermore, the asymmetry of core waveguides index profile and 
the use of low index cladding layer will also contribute to the differences15. The experimental data were fitted 
to the theoretical predictions as mentioned previously. For example, to perform matching with the low slope 
approximation, theoretical parameters of Δneff = 1.19 × 10–3 for the TE mode and Δneff = 1.08 × 10–3 for the TM 

Fig. 4.  Total loss of back-to-back S-bends of different lengths compared with the best fit to the low slope 
prediction, for two different treatments: (a) without annealing, (b) after annealing at 800 °C for 30 s.

 

Fig. 3.  The measurement of TE and TM loss of back-to-back S-bends of different transition lengths.
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mode are required for the sample which was not annealed after irradiation. To investigate the validity of the bend 
loss theories described above, the experimental results are fitted to the four different theoretical approximations. 
In these fitting procedure we have used the values of n1 = 1.463, n2 = 1.458, h = 7 μm and the wavelength of 
λ = 1.523 nm. The first fit is performed on the un-annealed sample. A list of the fitted coefficients such as Δneff, 
C1 and C2 that were extracted from matching process using the four theoretical predictions is shown in Table 1.

Out all of the theoretical predictions, the low slope direct numerical integration is assumed to give the correct 
values for the Δneff, C1 and C2 coefficients. The error function solution, gives much higher Δneff, and C2 values 
but much lower C1 coefficient when compared to the direct numerical integration. The exponential analytic 
solution, on the other hand, presents much higher Δneff, C1 and C2 values. Clearly, neither the error function nor 
the exponential analytic solution gives a good approximation. In fact, the closest agreement is obtained using the 
logarithmic curve-fitting function. This evidence suggests that the logarithmic curve-fitting function is indeed 
the best analytical solution, as anticipated previously9.

Since the C1 value is mainly related to the waveguide parameters, it may be used to determine the characteristic 
parameters of the guide, such as an effective core width and index. To do so, the effective index method developed 
by Marcatili is used to transform between a slab waveguide geometry and a three-dimensional guide16,17. In this 
analysis, it is assumed that irradiated waveguide has the shape of rectangular waveguide with a depth of ≈ 
5 mm15. This shape may be approximated by a rectangular core as of uniform index shown in Fig. 5.

The calculation was done as follows. The Δneff value obtained from the matching process was used to obtain 
the effective waveguide width h using the method of bisection. The C1 and C2 coefficients were then calculated. 

Fig. 5.  An approximation to the graded-index irradiated waveguide core by a step-index rectangular core.

 

Mode Functions Δneff (× 10–3) C1 (m-1) C2 (m-1)

(TE)

Direct numerical integration (Eq. 9) 1.19 5847.1 397.1

The error function solution (Eq. 10) 1.48 5082.7 552.3

The exponential analytic solution (Eq. 11) 1.22 6518.8 416.2

The logarithmic curve-fitting function (Eq. 12) 1.21 6095.1 406.4

(TM)

Direct numerical integration 1.08 5760.1 347.2

The error function solution 1.40 4906.1 507.4

The exponential analytic solution 1.13 6528.7 368.2

The logarithmic curve- fitting function 1.10 5981.7 354.6

Table 1.  The parameters Δneff , C1 and C2 for TE and TM modes obtained from guides fabricated by irradiation 
with no post-process annealing.
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The C1 value obtained from each waveguide width was then compared with the experimental value. Generally, it 
was found that the two values were not compatible. For example, the calculated C1 value was 12,427.6 m-1 with 
the parameters of n1 = 1.4606 and w = 5.6 μm, while the experimental value is only 5847.1 m-1. Table 2 shows a 
list of possible waveguide widths obtained from the Marcatili’s method approaches, for λ = 1.523 mm, with the 
values of core refractive index n1 varying from 1.4606 to 1.46085. As can be seen, the C1 values are generally too 
high.

Similar C1 values to those obtained from the experimental data were achieved, but only for very small (and 
hence unphysical) core widths. This disagreement might be due to the unsuitable choice of approximation by 
using a rectangular structure for the real shape of irradiated guide. Another possibility is that the shape of the 
refractive index variation of an irradiated core is simply too different from a step index function.

Similar comparisons between experiment and theory were also performed for the sample that had been 
annealed after irradiation. To achieve a good agreement, a value of Δneff = 6.04 × 10–4 was needed for the TE 
mode and Δneff = 5.69 × 10–4 for the TM mode, a substantial reduction. The four theoretical approximations 
were also applied to find the best fit. Table 3 shows the list of parameters obtained from the experimental data. 
From the best fit parameters, the logarithmic curve-fitting function gives the closest values to that of the low 
slope approximation results. This similarity reinforces the earlier conclusion that the logarithmic curve-fitting 
function gives the best approximation overall.

Figure  6a,b show TE and TM mode losses, obtained after annealing for different times, together with 
theoretical prediction of the logarithmic curve-fitting function. The loss tends to increase considerably even 
after post process annealing for a very short time. Clearly, the reason is a reduction in the refractive index 
difference forming the guide, resulting in lower confinement, so that the guided mode exhibits greater leakage 
into the cladding. Additionally, further annealing at high temperatures may have caused the waveguide width to 
increase, as the difference in the effective refractive index (Δneff) became smaller. This widening of the waveguide 
could lead to the excitation of higher-order modes, resulting in additional increased losses, likely due to the 
contribution of these higher modes. Furthermore, as the confinement is reduced, the mode is partially absorbed 
by silicon substrate which has index of refraction higher than silica. This effect can be determined from the 
TM mode losses, which are considerably higher than those of the TE mode. With longer annealing times the 
waveguide losses become proportionately higher and finally all guiding characteristic effectively disappears.

Conclusion
In conclusion, we have explored several approaches to calculating radiation loss in continuously-varying 
S-shaped waveguide bends. We examined the accuracy of different analytic approximations for the local loss 
coefficient in such bends and identified discrepancies between several previously published expressions. To 
assess the validity of these approaches, we compared four different analytic models against experimental data 
describing the cumulative loss in S-shaped waveguide structures. Our findings demonstrate that the previously 
published analytical solutions are inaccurate, and we show that an alternative logarithmic curve-fitting function 
provides significantly better accuracy across a wide range of parameters. This result supports the conclusion that 
the logarithmic curve-fitting function is the most accurate analytical approximation overall.

Mode Functions Δneff (× 10–4) C1 (m-1) C2 (m-1)

(TE)

Direct numerical integration 6.04 3260.2 143.1

The error function solution 11.74 3323.7 388.2

The exponential analytic solution 8.61 4756.3 243.9

The logarithmic curve-fitting function 8.23 4190.4 227.6

(TM)

Direct numerical integration 5.69 3311.2 131.1

The error function solution 11.37 3502.4 370.1

The exponential analytic solution 8.23 4931.8 227.8

The logarithmic curve-fitting function 7.81 4300.4 210.6

Table 3.  The Δneff, C1 and C2 parameters for TE and TM modes obtained from guides fabricated by 
irradiation, with post-process annealing.

 

n1 w (mm) C1 (m-1) C2 (m-1)

1.4606 5.6 12,427.6 397.7

1.46065 5.4 12,282.3 397.7

1.4607 5.3 12,149.6 397.7

1.46075 5.1 12,027.8 397.7

1.4608 5.0 11,919.5 397.7

1.46085 4.6 11,815.4 397.7

Table 2.  A list of possible waveguide widths and the associated Δneff, C1 and C2 values calculated by using 
Marcatili’s approaches16.
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Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.
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